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1. Introduction
Let v and k be two positive integers. Let Zv denote the residue ring of integers modulo v . A cyclic
difference packing (CDP), or a CDP(k,1; v) in short, is a family F = {B1, B2, . . . , Bt} of t k-subsets
(called base blocks) of Zv , where Bi = {bi1,bi2, . . . ,bik}, 1  i  t , such that the difference list of F ,
(F) = {bij − bis: 1 i  t, j = s, 1 j, s  k}, covers each non-zero residue of integers modulo v
at most once. The set Zv \ (F) is the difference leave of F , denoted by DL(F). This means that each
non-zero residue (as a difference) in DL(F) is not covered by the differences from any base block
of F .
✩ This work was supported by the National Natural Science Foundation of China (Grant No. 10831002) and the Graduate
Student Research and Innovation Program of Jiangsu Province (No. CX08B_004Z).
* Corresponding author.
E-mail address: liyang_lll@163.com (Y. Li).1071-5797/$ – see front matter © 2011 Elsevier Inc. All rights reserved.
doi:10.1016/j.ffa.2011.01.002
318 J. Yin et al. / Finite Fields and Their Applications 17 (2011) 317–328Cyclic difference packings arise naturally in the study of cyclic packing designs that belong to an
important and high-proﬁle area of combinatorics. Brieﬂy, a packing design (or packing) with order v ,
block size k and index λ = 1, denoted by P (k,1; v), is a pair (V ,B) where V is a v-set and B is a
collection of k-subsets (called blocks) of V such that every 2-subset of V occurs in at most one block
of B. An automorphism of a P (k,1; v), (V ,B) is a permutation on V such that the induced mapping
forms a permutation on B. The set of all such mappings forms a group under usual composition called
the full automorphism group of the packing design. Any of its subgroups is called an automorphism
group of the packing design. A cyclic P (k,1; v) is a P (k,1; v) that admits a cyclic and point-regular
automorphism group. For a cyclic P (k,1; v), its point set can be identiﬁed with Zv , and its cyclic and
point-regular automorphism is spanned by the permutation σ : i −→ i + 1 (mod v), ∀i ∈ Zv . For any
block B of the packing design, the block-orbit containing B
{
σ i(B): i ∈ Zv
}
contains v distinct blocks if its setwise stabilizer GB is equal to the identity {0}. Such a block orbit is
often said to be full, otherwise short. Since repeated differences are not allowed in the deﬁnition of
a CDP(k,1; v), if we cycle each base block of a CDP(k,1; v), then we obtain a cyclic P (k,1; v) without
short block-orbits. Conversely, if we choose an arbitrary ﬁxed block from each block-orbit in a cyclic
P (k,1; v) without short block-orbits, then we obtain a CDP(k,1; v). Hence, a CDP(k,1; v) and a cyclic
P (k,1; v) without short orbits are equivalent objects from the viewpoint of existence.
Cyclic difference packings are also the set-theoretic characterization of optical orthogonal codes
(OOCs) of length v , weight k and auto/cross-correlation unity, i.e., (v,k,1)-OOCs, which are required
in optical code-division multiple-access communication systems. Taking the base blocks of a CDP as
support sets of codewords we obtain a (v,k,1)-OOC having t codewords from a CDP(k,1; v) of t
base blocks. This serves well to develop a motivation behind CDPs. It is obvious that the number
t of base blocks of a CDP(k,1; v) cannot exceed 	(v − 1)/k(k − 1)
, that is, t  	(v − 1)/k(k − 1)
.
A CDP(k,1; v) of t = 	(v −1)/k(k−1)
 base blocks gives an optimal (in the sense of its size) (v,k,1)-
OOC. Keeping the optimality of the derived OOCs in mind, throughout the rest of this article, we say
that a CDP(k,1; v) is optimal if it contains 	(v − 1)/k(k − 1)
 base blocks.
Research on CDPs has mainly concentrated on the regular case. A CDP(k,1; v), F , is termed g-
regular [36] if its difference leave DL(F) forms an additive subgroup of Zv having order g . Regular
CDPs are close to several types of important cyclic difference families that have nice applications
in digital communication. In [5], a g-regular CDP(k,1; v) is also called a uniform (g(v/g),2k − 2,k)
cyclically permutable code. A g-regular CDP(k,1; v) is also a cyclic relative difference family, or a cyclic
(v, g;k,1)-DF, which was formally introduced in [10] and naturally generalizes the well-known con-
cept of a relative difference set [34]. This kind of CDPs gives a cyclic group-divisible design (GDD) of
block size k and type gv/g without short block-orbits (for the deﬁnitions of a GDD, see [4,22]).
Clearly, a cyclic (v,k,1) difference family is a g-regular CDP(k,1; v), where g = 1 or g = k de-
pending on whether v ≡ 1 (mod k(k − 1)) or v ≡ k (mod k(k − 1)).
Regular CDPs are of interest in their own right and also for use as ingredients in the compos-
ite construction of optimal CDPs (see, for example, [20,21,26,36,37]). This explains why they have
attracted considerable attention in design theory. The ﬁrst examples of g-regular CDP(k,1; v)’s are
due to Bose [6]. His examples have parameters v = q2 − 1, g = q − 1 and k = q, where q is a prime
power. Each of them contains one base block obtained from a classical aﬃne plane AG(2,q) by delet-
ing a point together with its incident lines. Further investigation into regular CDPs was done by many
authors (see, for example, [8,12,18–21,24–26,31,32,35–37] and references therein). We quote some
known results for later use.
Lemma 1.1. (See [36, Theorem 2.5].) A necessary condition for the existence of a g-regular CDP(k,1; v) is
v ≡ g (mod k(k − 1)).
Lemma 1.2. (See [36, Theorem 2.6].) If 1 g  k(k − 1), then a g-regular CDP(k,1; v) is optimal.
J. Yin et al. / Finite Fields and Their Applications 17 (2011) 317–328 319Table 1
Known g-regular CDP(4,1; gv) with g 12.
g v References
1 a prime ≡ 1 (mod 12) [8,18]
1 product of two primes p, q, where [1,15]
p ≡ q ≡ 7 (mod 12), 7 p q 103
or p = 7, q < 104
1 12t + 4, t = 2 and t 50 [1]
2 a prime ≡ 1 (mod 6) [7,36]
3 a prime ≡ 1 (mod 4) [29]
4 a prime ≡ 1 (mod 6) such that (v − 1)/6 [12]
has a prime factor  19
6 a prime > 5 [12,19,26]
8 a prime ≡ 1 (mod 6) [12]
9 a prime ≡ 1 (mod 4) > 5 [25]
12 a prime ≡ 1 (mod 4) > 5 [26]
Table 2
Known g-regular CDP(5,1; gv) with g 20.
g v References
1 a prime ≡ 1 (mod 20) [8,18]
1 20t + 4, t 50 and t /∈ {16,25,31,34,40,45} [2]
1 product of two primes p, q, where [15]
p ≡ q ≡ 11 (mod 20) and 11 p q 103
4 a prime ≡ 1 (mod 10) > 11 [36]
5 a prime ≡ 1 (mod 4) > 5 [28]
8, 12 a prime ≡ 11 (mod 20) [20]
15 a prime ≡ 1 (mod 4) > 5 [35]
20 6, 7, 8, 9 [32]
Lemma 1.3. (See [36, Construction 4.1].) Suppose that both a g-regular CDP(k,1; v) and an optimal
CDP(k,1; g) exist, then an optimal CDP(k,1; v) also exists. Moreover, if the given CDP(k,1; g) is r-regular,
then so is the derived CDP(k,1; v).
Generally speaking, it is not an easy task to determine the spectrum of the parameter v , k and g
for which a g-regular CDP(k,1; v) exists. To our knowledge, the known results are limited mainly for
k 5. Tables 1 and 2 summarize the known results concerning the direct constructions for block sizes
4 and 5 respectively, in the case g  k(k−1). Besides, there are also a number of results about (k−1)-
regular CDP(k,1; (k− 1)p)’s with k = 6,8 in [13,27], about 1-regular CDP(k,1;kp)’s with k = 7,11,13
in [9,27], about 1-regular CDP(k,1;kp)’s with k = 6,7 in [16,17].
We remark that some of the results in Table 1 and Table 2 have been used to obtain other CDPs
by utilizing a composite construction from [36, Construction 4.3] or [1, Corollary 5.10]. For example,
in [20], by using the composite construction mentioned above the authors denoted that a 20-regular
CDP(5,1;20p) with a prime p ≡ 1 (mod 10) exists. The goal of this paper is to update the known
results shown in Table 2. To be more precise, we will construct a 20-regular CDP(5,1;20u) for
any product u of primes congruent to 1 (mod 6). As its application, it is proved that an optimal
CDP(5,1;20 · 3αu), or equivalently an optimal (20 · 3αu,5,1)-OOC with 3αu − 1 codewords, exists for
any product u of primes congruent to 1 modulo 6 and any nonnegative integer α.
2. The constructions of 20-regular CDP(5,1;20u)’s
In this section, we present our constructions of a 20-regular CDP(5,1;20u) for any product u of
primes congruent to 1 modulo 6. This updates the result shown in Table 2.
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Let e be a positive integer and p ≡ 1 (mod e) a prime. Let ω ∈ Zp be an arbitrary primitive
root modulo p. We use the notation C (e,p)0 (or C
p
0 in brief) to denote the multiplicative subgroup
{ωie: 0  i  (p − e − 1)/e} of the e-th powers modulo p, while its multiplicative coset ω j · C (e,p)0
is denoted by C (e,p)j (or C
p
j in brief) (0  j  e − 1). These multiplicative cosets are known as the
cyclotomic classes of order e of prime ﬁled Zp .
For a g-regular CDP(k,1; gp) with gcd(g, p) = 1, we can identify Zgp with Zg ×Zp . The 20-regular
CDP(5,1;20p) to be constructed in this section is just based on Z20 ×Zp . We will use Weil’s theorem
on multiplicative character sums by way of the following known result.
Lemma 2.1. (See [14,20].) Let p be a prime congruent to 1 (mod e). Suppose that
Ns(e, p) = p −
[
s−2∑
i=0
(s
i
)
(s − i − 1)(e − 1)s−i
]
√
p − ses−1 > 0.
Then, for any given s-tuple ( j1, j2, . . . , js) ∈ {0,1, . . . , e − 1}s and any given s-tuple (c1, c2, . . . , cs) of pair-
wise distinct elements of Zp , there exists an element x ∈ Zp such that x+ ci ∈ C (e,p)ji for each i.
The deﬁnition of a strong difference family was introduced by M. Buratti [11,33]. Let F =
{{x11, x12, . . . , x1k}, {x21, x22, . . . , x2k}, . . . , {xt1, xt2, . . . , xtk}} be a family of t multisets of size k deﬁned
on an additive group G of order v . We say that F is a (v,k,μ) strong difference family, or a (v,k,μ)-
SDF in short, if the list of differences {xij − xis: 1 i  t, j = s, 1 j, s k} covers all elements of G
exactly μ times. Strong difference families are very useful tools for constructing regular CDPs or rel-
ative difference families (see [11,33]). Keep the notation Ns(e, p) of Lemma 2.1 in mind, below is a
very useful result which involves strong difference family and comes from Theorem 5.1 of [14].
Lemma 2.2. Let q be a prime power congruent to e+1 (mod 2e) with Nk−1(e,q) > 0. If a (g,k, e)-SDF exists,
then a g-regular CDP(k,1; gq) exists.
We are now ready to develop our constructions.
Theorem 2.3. For any prime p ≡ 7 (mod 12), a 20-regular CDP(5,1;20p) exists.
Proof. First, we construct a (20,5,6)-SDF over Z20 as follows:
{0,0,1,4,9}, {0,0,2,5,11}, {0,0,2,5,12},
{0,1,2,5,14}, {0,1,3,7,13}, {0,1,4,8,14}.
When p > 9,152,352, we have N4(6, p) > 0. Then, by Lemma 2.2, a 20-regular CDP(5,1;20p) exists.
Now we treat the cases when 7 p < 9,152,352.
For p = 7 or 31, a 20-regular CDP(5,1;20p) is known to exist from [20]. A 20-regular CDP(5,1;20 ·
19) can be constructed by taking the following 18 base blocks over Z20 ×Z19:
{
(0,0), (0,1), (1,13), (4,5), (9,11)
} · (1, x),{
(0,0), (0,2), (2,1), (5,14), (11,3)
} · (1, x),{
(0,0), (0,4), (2,2), (5,5), (12,8)
} · (1, x),
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(0,0), (1,1), (2,6), (5,15), (14,2)
} · (1, x),{
(0,0), (1,2), (3,12), (7,11), (13,13)
} · (1, x),{
(0,0), (1,4), (4,1), (8,14), (14,6)
} · (1, x),
where x runs over all elements in C60 .
For 43 p < 9,152,352 and p ≡ 7 (mod 12), consider the set B = {B1, B2, . . . , B6} of 6 initial base
blocks over Z20 ×Zp having the following form:
{
(0,0), (0,1), (1,b), (2, c), (3,d)
}
,{
(0,0),
(
0,ω2
)
,
(
8,bω2
)
,
(
13, cω2
)
,
(
1,dω2
)}
,{
(0,0),
(
0,ω4
)
,
(
11,bω4
)
,
(
14, cω4
)
,
(
5,dω4
)}
,{
(0, c), (2,1), (5,b), (12,d), (16,0)
}
,{(
0, cω2
)
,
(
2,ω2
)
,
(
5,bω2
)
,
(
12,dω2
)
, (16,0)
}
,{(
0, cω4
)
,
(
2,ω4
)
,
(
5,bω4
)
,
(
12,dω4
)
, (16,0)
}
.
It’s straightforward that
B =
19⋃
z=0
{z} × z
where 20−i = −i for any i, 1 i  9, and where:
0 =
{±1,±ω2,±ω4};
1 =
{
b,b − 1, c − b,d − c,dω2, (d − 1)ω2};
2 =
{
c, c − 1,d − b,1− c, (1− c)ω2, (1− c)ω4};
3 =
{
d,d − 1, (c − b)ω4,b − 1, (b − 1)ω2, (b − 1)ω4};
4 =
{
c, cω2, cω4,−d,−dω2,−dω4};
5 =
{
(c − b)ω2,dω4, (d − 1)ω4, (b − c), (b − c)ω2, (b − c)ω4};
6 =
{−cω4, (1− c)w4, (b − d)ω4,1,ω2,ω4};
7 =
{
(b − d)ω2,−cω2, (1− c)ω2, (d − b), (d − b)w2, (d − b)w4};
8 =
{
bω2, (b − 1)ω2, (d − c)ω2, c − d, (c − d)ω2, (c − d)ω4};
9 =
{−bω4, (1− b)w4, (c − d)ω4,b,bω2,bω4};
10 =
{±(d − 1),±(d − 1)ω2,±(d − 1)ω4}.
Note that the projections of the blocks of B on Z20 form a (20,5,6)-SDF. Since p ≡ 7 (mod 12),
−1 ∈ C63 . Hence, each z is a complete system of representatives for the cosets of C60 if and only if
the following condition holds: {−b,1 − b, c − d}, {c, c − 1,d − b}, {d,d − 1, (c − b)ω4} are complete
systems of representatives for the cosets of C60 in C
2
0 . Now, for a ﬁxed triple (b, c,d) satisfying the
above condition, we have z · C60 = Zp \ {0} for every z ∈ Z20. Set F = {Bi · (1, x) | 1 i  6, x ∈ C60}.
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A computer search showed that the desired triple (b, c,d) exists when 43 p < 9,152,352 and p ≡
7 (mod 12) and thus the proof is completed. Here we list the search results for the ﬁrst 10 values
of p in the following table.
p 43 67 79 103 127 139 151 163 199 211
b 19 13 30 6 6 3 15 3 22 8
c 17 37 23 61 82 121 32 41 10 14
d 16 22 50 98 38 66 59 146 5 180 
Theorem 2.4. For any prime p ≡ 1 (mod 12), a 20-regular CDP(5,1;20p) exists.
Proof. We ﬁrst deal with the cases where p  277. When p ∈ {61,181,241}, a 20-regular CDP(5,1;
20p) is known to exist from [20]. For other values of p ≡ 1 (mod 12) not greater than 277, we give
the constructions of the desired CDPs in Table 3.
Turning to the cases where p > 277, we consider a set I = {A1, . . . , A6, B1, . . . , B6} of 12 initial
base blocks over Z20 ×Zp of the following form:
Ai =
{
(0,ω), (1,aω), (3,0), (9,bω), (14,d)
} · (1,ω2(i−1)), 1 i  3,
Ai =
{
(0,ω), (1,aω), (3,0), (9,bω), (14,d)
} · (1,−ω2(i−4)), 4 i  6,
B1 =
{
(0,0), (1,1), (5,b), (4,a), (8, c)
}
, B2 = B1 · (1,−1),
B3 =
{
(0,0),
(
1,ω2
)
,
(
5,bω2
)
,
(
18,aω2
)
,
(
13, cω2
)}
, B4 = B3 · (1,−1),
B5 =
{
(0,0),
(
2,aω4
)
,
(
2,−aω4), (18,uω4), (18,−uω4)},
B6 =
{
(0,2), (0,2v), (0,2b),
(
10,2dω−1
)
, (10,2a)
}
.
It’s straightforward that
I =
19⋃
z=0
{z} × ({1,−1} · z)
where 20−i = i for any i, 1 i  9, and where:
0 =
{
2aω4,2uω4,2(v − 1),2(b − 1),2(v − b),2(dω−1 − a)};
1 =
{
(a − 1)ω, (a − 1)ω3, (a − 1)ω5,1,ω2,b − a};
2 =
{
aω,aω3,aω5,aω2,aω4,uω4
};
3 =
{
ω,ω3,ω5,a − 1, (a − 1)ω2, c − b};
4 =
{
a,b − 1, (b − 1)ω2, c − a, (u − a)ω4, (u + a)ω4};
5 =
{
(d − bω), (d − bω)ω2, (d − bω)ω4,b,bω2, (c − a)ω2};
6 =
{
bω,bω3,bω5,d − ω, (d − ω)ω2, (d − ω)ω4};
7 =
{
(d − aω)ω, (d − aω)ω3, (d − aω)ω5, c − 1, cω2, (b − a)ω2};
8 =
{
(b − a)ω, (b − a)ω3, (b − a)ω5, c, (c − 1)ω2, (c − b)ω2};
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p Base blocks
13
{(0,0), (0,1), (1,3), (1,11), (5,4)} · (1, x),
{(0,0), (2,1), (4,7), (10,4), (13,5)} · (1, x),
{(0,0), (2,4), (6,3), (9,10), (14,5)} · (1, x),
{(0,0), (2,7), (7,9), (10,2), (13,1)} · (1, x),
x ∈ C40 .
37
{(0,0), (0,1), (5,2), (15,16), (4,3)} · (1, x),
{(0,0), (0,2), (13,1), (3,4), (12,3)} · (1, x),
{(0,0), (2,1), (6,2), (8,5), (9,7)} · (1, x),
{(0,0), (18,2), (14,31), (12,13), (11,24)} · (1, x),
x ∈ C40 .
73
{(0,0), (0,1), (5,3), (15,4), (4,21)} · (1, y),
{(0,0), (0,3), (5,13), (15,43), (4,34)} · (1, y),
{(0,0), (0,5), (13,1), (3,4), (12,60)} · (1, y),
{(0,0), (0,11), (13,5), (3,25), (12,69)} · (1, y),
{(0,0), (2,1), (6,2), (8,12), (9,61)} · (1, y),
{(0,0), (2,3), (6,6), (8,17), (9,29)} · (1, y),
{(0,0), (18,1), (14,2), (12,12), (11,64)} · (1, y),
{(0,0), (18,3), (14,6), (12,17), (11,27)} · (1, y),
x ∈ C80 .
97
{(0,0), (0,7), (0,33), (10,5), (10,82)} · (1, s),
{(0,0), (2,1), (2,−1), (18,43), (18,−43)} · (1, s),
{(0,0), (1,1), (5,34), (18,72), (13,67)} · (1, s),
{(0,0), (19,1), (15,34), (2,72), (7,67)} · (1, s),
{(0,0), (1,6), (5,15), (4,13), (8,93)} · (1, s),
{(0,0), (19,6), (15,15), (16,13), (12,93)} · (1, s),
{(0,0), (1,5), (3,22), (9,12), (14,93)} · (1, t),
t ∈ C20 , s ∈ S,
where S is a complete system of
representatives for the cosets of
{1,−1} in C60 .
109
{(0,0), (0,1), (1,2), (1,12), (5,3)} · (1, x),
{(0,0), (2,1), (4,11), (10,2), (13,3)} · (1, x),
{(0,0), (2,4), (6,6), (9,5), (14,17)} · (1, x),
{(0,0), (2,8), (7,2), (10,12), (13,23)} · (1, x),
x ∈ C40 .
157
{(0,0), (0,1), (1,2), (1,26), (5,3)} · (1, x),
{(0,0), (2,1), (4,3), (10,2), (13,5)} · (1, x),
{(0,0), (2,3), (6,1), (9,6), (14,22)} · (1, x),
{(0,0), (2,6), (7,1), (10,68), (13,23)} · (1, x),
x ∈ C40 .
193
{(0,0), (0,1), (0,5), (10,6), (10,61)} · (1, s),
{(0,0), (2,5), (2,−5), (18,30), (18,−30)} · (1, s),
{(0,0), (1,5), (5,2), (18,35), (13,78)} · (1, s),
{(0,0), (19,5), (15,2), (2,35), (7,78)} · (1, s),
{(0,0), (1,10), (5,4), (4,78), (8,44)} · (1, s),
{(0,0), (19,10), (15,4), (16,78), (12,44)} · (1, s),
{(0,0), (1,1), (3,2), (9,3), (14,13)} · (1, t),
t ∈ C20 , s ∈ S,
where S is a complete system of
representatives for the cosets of
{1,−1} in C60 .
229
{(0,0), (0,1), (1,2), (1,65), (5,4)} · (1, x),
{(0,0), (2,1), (4,3), (10,2), (13,4)} · (1, x),
{(0,0), (2,4), (6,2), (9,6), (14,12)} · (1, x),
{(0,0), (2,7), (7,5), (10,12), (13,13)} · (1, x),
x ∈ C40 .
277
{(0,0), (0,1), (1,2), (1,8), (5,3)} · (1, x),
{(0,0), (2,1), (4,5), (10,2), (13,6)} · (1, x),
{(0,0), (2,2), (6,1), (9,4), (14,8)} · (1, x),
{(0,0), (2,5), (7,3), (10,23), (13,175)} · (1, x),
x ∈ C40 .
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{
(b − 1)ω, (b − 1)ω3, (b − 1)ω5,d,dω2,dω4};
10 =
{
2
(
dω−1 − 1),2(a − 1),2(v − dω−1),2(v − a),2(dω−1 − b),2(b − a)}.
Assume that the 6-tuple (a,b, c,d,u, v) satisﬁes the following twenty cyclotomic conditions:
{
a ∈ C60,
a − 1 ∈ C60;
⎧⎪⎨
⎪⎩
b ∈ C60,
b − 1 ∈ C63,
b − a ∈ C64;
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
c ∈ C62,
c − 1 ∈ C62,
c − a ∈ C62,
c − b ∈ C64;⎧⎪⎪⎪⎨
⎪⎪⎪⎩
d ∈ C21,
d − ω ∈ C62,
d − aω ∈ C63,
d − bω ∈ C63;
⎧⎪⎨
⎪⎩
u ∈ C62,
u − a ∈ C60,
u + a ∈ C63;
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
v − 1 ∈ C65,
v − b ∈ C61,
v − a ∈ C65,
v − dω−1 ∈ C63 .
Then each z is a complete system of representatives for the cosets of C60 . Denoted by S a complete
system of representatives for the cosets of {1,−1} in C60 , we have that F = {Ai · (1, s), Bi · (1, s) |
1  i  6, s ∈ S} is a 20-regular CDP(5,1;20p), since we have F =⋃19z=0{z} × ({1,−1} · z · S) =⋃19
z=0{z} × (z · C60) = Z20 × (Zp \ {0}). So, the proof will be completed if a 6-tuple (a,b, c,d,u, v) of
elements of Zp satisfying the above conditions can be found for every prime p ≡ 1 (mod 12) with
p > 277. When p > 9,152,352, we have p > N4(6, p) > N3(6, p) > N2(6, p) > 0. The existence of an
element a satisfying a ∈ C60 and a − 1 ∈ C60 is guaranteed by Lemma 2.1, since N2(6, p) > 0. Once a
has been ﬁxed, we can pick b in such a way that b ∈ C60 , b − 1 ∈ C63 and b − a ∈ C64 . The existence
of such an element b is guaranteed again by Lemma 2.1, since N3(6, p) > 0. This procedure can be
continued until we ﬁnd the all desired elements. Then what remains is the cases where 277 < p 
9,152,352. With the aid of computers we found the desired 6-tuple (a,b, c,d,u, v) for every prime
p ≡ 1 (mod 12) with 277 < p  9,152,352. The following table lists our search results for the ﬁrst 10
values of p.
p 313 337 349 373 397 409 421 433 457 541
a 234 8 181 204 110 48 27 127 2 49
b 6 123 223 351 396 64 7 179 453 289
c 310 82 345 29 305 192 417 145 153 398
d 67 202 200 132 98 39 83 291 317 148
u 18 172 226 177 3 18 196 53 18 22
v 213 277 236 282 97 283 215 241 125 366 
Summarizing Theorem 2.3 and Theorem 2.4, we obtain the following existence result.
Theorem 2.5. For any prime p congruent to 1 (mod 6), a 20-regular CDP(5,1;20p) exists.
2.2. Composite constructions
A few powerful composite constructions of CDPs are available in literature. To present them we
need the notion of a cyclic difference matrix.
Consider a k× v matrix M = (mij), 1 i  k, 1 j  v , whose entries are taken from Zv . If for any
two distinct rows indexed by i, j (1  i < j  k), the differences mjt −mit , t = 1,2, . . . , v , comprise
all the elements of Zv , then the matrix M is said to be a (v,k,1) cyclic difference matrix (CDM), or a
(v,k,1)-CDM.
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Lemma 2.6. Let v  3 be an integer whose prime factors are not less than p. Then for any integer k satisfying
3 k p, a (v,k,1)-CDM exists.
We also have the following existence result which is taken from [22].
Lemma 2.7. (See [23].) Let v be an odd positive integer. Let
E = {3,9,9p: p is an odd prime other than 3,5,7,11,13,17,23,29,31,109}.
Then a (v,5,1)-CDM exists for any odd positive integer v /∈ E.
Note that a (27,5,1)-CDM in Lemma 2.7 can also be found in [3] or [31]. Employing CDMs we
have the following construction for regular CDPs.
Lemma 2.8. (See [36, Construction 4.2].) Suppose that both a g-regular CDP(k,1; v) and a (m,k,1)-CDM
exist. Then so does a gm-regular CDP(k,1;mv).
Lemmas 2.6 and 2.8 together give the following result, which can be found in [10,36].
Lemma 2.9. If there exists a g-regular CDP(k,1; gvi) for i = 1,2, and k is not greater than the least prime
factor of v2 , i.e., gcd(k!, v2) = 1, then there also exists a g-regular CDP(k,1; v1v2).
From Lemma 2.9 and Theorem 2.5, we can immediately establish our main result of this section.
Theorem 2.10. For any product u of primes congruent to 1modulo 6, there exists a 20-regular CDP(5,1;20u).
3. An application of new regular CDPs
As an application of the new regular CDPs given in Theorem 2.10, we derive in this section an
inﬁnite series of new optimal OOCs. Recall that a (v,k,1) optical orthogonal code, or a (v,k,1)-OOC,
is a family C of (0,1) sequences (called codewords) of length v and weight k satisfying the following
properties:
• The auto-correlation property:
for any x = (x0, x1, . . . , xv−1) ∈ C and any integer i ≡ 0 (mod v),∑
0tv−1
xtxt+i  1;
• The cross-correlation property:
for any x = (x0, x1, . . . , xv−1) ∈ C, y = (y0, y1, . . . , yv−1) ∈ C with x = y,
and any integer i,
∑
0tv−1
xt yt+i  1.
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their applications in optical code-division multiple-access communication systems. Given parameters
v and k, if a (v,k,1)-OOC of M codewords exists, then clearly M  	(v − 1)/k(k − 1)
. When this
bound is met, the corresponding OOC is optimal in the sense of its size. The following result was
presented in [36].
Lemma 3.1. (See [36, Theorem 2.1].) An optimal (v,k,1)-OOC of 	(v − 1)/k(k − 1)
 codewords is equivalent
to an optimal CDP(k,1; v) of 	(v − 1)/k(k − 1)
 base blocks.
By virtue of Lemma 3.1, in order to construct an optimal (v,k,1)-OOC, one needs only to construct
an optimal CDP(k,1; v). Based on our main result shown in Theorem 2.10, we are able to verify
that an optimal CDP(5,1;20 · 3αu) exists for any product u of primes congruent to 1 modulo 6 and
any nonnegative integer α. To do this, we point out that just as with the deﬁnition of a g-regular
CDP(k,1; v), we can deﬁne the notion of a g-regular CDP(K ,1; v) by allowing the CDP to have base
blocks of sizes from a given set K of positive integers. We also require the notion of a GD∗(k,1,n;nh)
which was deﬁned in [36].
A convenient way of viewing a GD∗(k,1,n;nh) is from a mixed-difference family perspective. Given
two positive integers n and h, let Ih = {1,2, . . . ,h} and X = Ih × Zn . Then a GD∗(k,1,n;nh) can be
thought of as a family D of k-subsets (called base blocks) of X which satisﬁes the following properties.
1. For any pair of i and j with 1 i < j  h, deﬁne
i jD =
⋃
B∈D
i j B
where i j B = {y − x: (i, x), ( j, y) ∈ B}. Then i jD = Zn .
2. None of the base blocks contains two distinct elements having the same entry i ∈ Ih in the ﬁrst
coordinate.
We remark that a GD∗(k,1,n;nh) is also termed an n-cyclic GDD or a semi-cyclic GDD in [26,37]. The
signiﬁcance of a GD∗(k,1,n;nh) can be seen from the following lemma.
Lemma 3.2. (See [36, Construction 5.4].) Suppose that a g-regular CDP(K ,1; v) and a GD∗(k,1,n;nh) for
every h ∈ K all exist. Then there exists an ng-regular CDP(k,1;nv). Moreover, if an optimal CDP(k,1;ng)
exists, then an optimal CDP(k,1;nv) also exists.
Now we can establish our main result of this section.
Lemma 3.3. There exists a 60-regular CDP(5,1;20 · 27).
Proof. Firstly, we construct a 15-regular CDP(6,1;135) by taking the following 4 base blocks over
Z135:
{0,1,5,8,94,114}, {0,2,12,62,68,100},
{0,11,25,82,95,112}, {0,15,31,59,92,111}.
Secondly, we construct a GD∗(5,1,4;4 · 6) over I6 ×Z4 by taking the following 6 base blocks:{
(1,0), (2,0), (3,0), (4,0), (6,0)
}
,
{
(1,1), (2,2), (3,3), (5,0), (6,0)
}
,{
(1,2), (2,1), (4,3), (5,2), (6,0)
}
,
{
(1,3), (3,2), (4,1), (5,1), (6,0)
}
,{
(2,3), (3,1), (4,2), (5,3), (6,0)
}
,
{
(1,0), (2,2), (3,1), (4,3), (5,1)
}
.
Finally, we can apply Lemma 3.2 to obtain a 60-regular CDP(5,1;20 · 27), as desired. 
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exists a g-regular CDP(5,1;20 · 3αu) with some g ∈ {20,60,180}.
Proof. We give the proof by mathematical induction on α. From Theorem 2.10 we know that a
20-regular CDP(5,1;20u) exists. By applying Lemma 2.9 we can easily show that a 60-regular
CDP(5,1;60u) and a 180-regular CDP(5,1;180u) both exist, since a 60-regular CDP(5,1;60p) and
a 180-regular CDP(5,1;180p) are both known to exist for any prime p ≡ 1 (mod 6) (see [32,
Lemma 3.7 and Lemma 2.8]). This means that the assertion holds when 0  α  2. Now assume
that the assertion holds for any integer n with 3  α  n. We are going to prove that there is
a g-regular CDP(5,1;3n+1 · 20u) with some g ∈ {20,60,180}. By the inductive hypothesis, there is
a g-regular CDP(5,1;3n−2 · 20u). From this CDP we apply Lemma 2.8 with a (27,5,1)-CDM from
Lemma 2.7 to create a 27g-regular CDP(5,1;3n+1 · 20u) with g ∈ {20,60,180}. When g = 20, a 60-
regular CDP(5,1; g · 27) exists by Lemma 3.3. When g = 60 or 180, a (g/12,5,1)-CDM exists by
Lemma 2.7. Start with a known 4-regular CDP(5,1;4 · 81) from Table 2 and apply Lemma 2.8 with
a (g/12,5,1)-CDM. The result is a 4g/12-regular CDP(5,1; g · 27). Noticing that 4g/12 ∈ {20,60},
we have proved that an h-regular CDP(5,1; g · 27) with h ∈ {20,60} exists for any g ∈ {20,60,180}.
Hence, an h-regular CDP(5,1;3n+1 · 20u) can be obtained from a 27g-regular CDP(5,1;3n+1 · 20u) by
applying Lemma 1.3. This completes the proof. 
As an immediate consequence of Theorem 3.4, a new inﬁnite series of optimal OOCs is derived.
Theorem 3.5. Let u be a product of primes congruent to 1 (mod 6). Then for any nonnegative integer α, there
exists an optimal (20 · 3αu,5,1)-OOC.
Proof. From Lemma 3.1, it suﬃces for us to prove that an optimal CDP(5,1;20 · 3αu) exists for stated
parameters u and α. This can be done by applying Lemmas 1.2 and 1.3 to a g-regular CDP(5,1;20 ·
3αu) with g ∈ {20,60,180} given in Theorem 3.4. Note that an optimal CDP(5,1; g) with g = 60 or
180 required as ingredients was constructed in [32]. 
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